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Abstract—The ability to simplify and categorize things is
one of the most important elements of human thought, un-
derstanding, and learning. The corresponding explorative data
analysis techniques – dimensionality reduction and clustering –
have initially been studied by our community as two separate
research topics. Later algorithms like CLIQUE, ORCLUS, 4C,
etc. performed clustering and dimensionality reduction in a joint,
alternating process to find clusters residing in low-dimensional
subspaces. Such a low-dimensional representation is extremely
useful, because it allows us to visualize the relationships between
the various objects of a cluster. However, previous methods of
subspace, correlation or projected clustering determine an indi-
vidual subspace for each cluster. In this paper, we demonstrate
that it is even much more valuable to find clusters in one
common low-dimensional subspace, because then we can study
not only the intra-cluster but also the inter-cluster relationships
of objects, and the relationships of the whole clusters to each
other. We develop the mathematical foundation ORT (Optimal
Rigid Transform) to determine an arbitrarily-oriented subspace,
suitable for a given cluster structure. Based on ORT, we propose
FOSSCLU (Finding the Optimal SubSpace for CLUstering), a
new iterative clustering algorithm. Our extensive experiments
demonstrate that FOSSCLU outperforms the previous methods
even in both aspects: clustering and dimensionality reduction.

I. INTRODUCTION

Can we obtain both, a meaningful clustering and a projection
of the data to 2D or 3D space showing all relevant patterns at
first glance? Despite the vast number of advanced dimension-
ality reduction and clustering techniques, this is non-trivial.

Consider the example data set in Figure 1. The 4D data set
contains three clusters in an arbitrarily-oriented 2D subspace,
hidden in two noise dimensions. Figure 1(b) shows the result
of Principle Component Analysis (PCA) [1] by displaying the
scatter plots of the two leading Eigenvectors on top and the two
minor Eigenvectors on bottom. Clearly, PCA does not preserve
much of the information relevant for clustering because the
optimization goal of PCA is to preserve the overall variance
in data which is here dominated by the noise dimensions. In
our example and in many real-world data sets, the cluster-
separating information is only a small fraction of the overall
data variance. Thus there are no separated clusters visible in
both projections. Clustering techniques like K-means or EM-
clustering will never obtain a good result in these subspaces.

During the last decades the research community has mostly
studied the following related problem: Given the clusters, the
corresponding subspaces can be easily determined by perform-
ing a local PCA on each cluster, and given the subspaces the
clusters can be easily identified. However, if both the clusters
and the subspace are unknown, we face a chicken or the
egg dilemma. To overcome this, we need to integrate local
cluster-wise PCA (or some other dimensionality reduction)

into the clustering process to detect clusters and subspaces
simultaneously, as e.g. in ORCLUS, 4C, and CURLER [2],
[3], [4]. These methods successfully detect arbitrarily oriented
clusters in moderate- to high-dimensional data but they detect
for each cluster one individual subspace in which it is best
represented. Allowing an individual subspace for each single
cluster might be beneficial for optimizing the clustering quality.
However, the result of these algorithms tends to be difficult
to interpret since the interesting relationships among clusters
remain unclear. In particular, it is not possible to plot the
complete cluster structure in one joint low-dimensional space.
Figure 1(c) displays our example data set projected to the
subspaces determined by the PCA of the blue cluster. You can
see that this cluster is axis-parallel due to the decorrelation
performed by PCA. The top sub-figure corresponding to the
leading Eigenvectors preserves most of the variance of this
cluster and is in this sense optimal for its representation.
However, this projection does not preserve the information
separating the blue cluster from the others. Therefore, it is
not suitable for further data mining or interpretation.

Our new algorithm FOSSCLU determines one subspace
only. This subspace is optimal for clustering and therefore
suitable to plot and analyze the complete cluster structure.
The major contribution of our approach is a novel dimension-
ality reduction technique called the Optimal Rigid Transform
(ORT), see Figure 1(d). The key idea of ORT is to find an
orthogonal pair of subspaces, a clustered subspace, ideally
containing all relevant information for clustering, and a noise
subspace for all the remaining variance in the data not relevant
for clustering. Among all possible rotations of the data space,
ORT determines that rotation maximizing the cluster quality
in the clustered subspace while requiring the noise subspace
to be as uni-modal as possible. What exactly do we mean by
maximizing the cluster quality? FOSSCLU finds the optimal
subspace for Expectation Maximization (EM) clustering. The
EM algorithm is among the most widely used clustering
techniques and has recently been voted among the top ten
algorithms in data mining [5]. Figure 1(d) (top) displays the
clustered subspace found by ORT exhibiting three distinct
clusters. See below the noise subspace which is orthogonal
to the clustered subspace. It is essential to require the noise
subspace to be uni-modal. This ensures that it contains no
interesting information for clustering and thus can safely be
ignored. See at the bottom line of Figure 1 the color-coded data
matrix of the original data (a). In original space, some cluster-
separating information is contained in every dimension, e.g.,
the first row of the data matrix representing the x-coordinate
roughly separates one cluster from the remaining two. But
there is no single dimension effectively separating all clusters
which is found by orthonormal rotation by global PCA (b) and
cluster-wise PCA (c). ORT (d) is the only method successfully
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Fig. 1. Determining the Optimal Subspace for Clustering. (a) Example data set. (b) Result of standard PCA: most cluster-separating information is lost. (c)
Result of local cluster-wise PCA: De-correlation of the corresponding cluster, here the blue cluster but also no preservation of cluster-separating information.
(d) Result of FOSSCLU: The Optimal Rigid Transform condenses all interesting information for clustering to the clustered subspace where we have three well
separated clusters. The noise subspace is uni-modal and can thus be ignored.

condensing all the interesting cluster-separating information
into a joint low-dimensional space. Note that all clusters are
very well separated even considering only the first dimension
of the clustered subspace found by ORT.

While PCA is probably the most widely used feature trans-
formation technique, many others have been proposed, e.g.
Independent Component Analysis [6], Non-negative Matrix
Factorization [7], ISOMAP [8] and many other variants of
manifold learning. All these techniques have different opti-
mization goals. However, to the best of our knowledge, none
of them aims at finding the optimal subspace for clustering.

We integrate ORT into an EM-style alternating least
squares algorithm. Thereby, our algorithm FOSSCLU discov-
ers the clustered subspace and the clusters simultaneously by
iteratively optimizing the cluster assignment and the subspace
until convergence. We summarize the following contributions:

1. The Optimal Rigid Transform (ORT) is a novel cluster-
enhancing dimensionality reduction technique. ORT de-
tects the optimal subspace for clustering by maximizing
the cluster quality while requiring the orthogonal noise
subspace to be as uni-modal as possible. In contrast to
existing techniques, ORT determines one joint subspace
for all clusters which greatly facilitates the interpretation
of the clustering result.

2. Accurate Clustering. Our algorithm FOSSCLU integrates
ORT into an efficient EM-style clustering routine. FOS-
SCLU shows comparable performance to state-of-the-art
generalized subspace clustering approaches and even out-
performs them. Note that these comparison methods are
focusing on clustering only and none of them provide a
joint subspace for visualization and interpretation.

3. Optional Parametrization. Supported by the Minimum
Description Length (MDL) principle, FOSSCLU can auto-
matically discover the number of clusters and the dimen-
sionality of the clustered subspace. However, since users
often have good reasons to choose certain parameters, e.g.
for application-specific reasons, or to request a specific
subspace dimensionality, FOSSCLU can be parameterized.

II. FOSSCLU

In contrast to the vast majority of previous methods for dimen-
sionality reduction, clustering, as well as subspace, projected,
and correlation clustering, our algorithm FOSSCLU (Finding
the Optimal Subspace for Clustering) aims at finding a single,
unique, m-dimensional, arbitrarily oriented subspace which is
optimal for the complete partitioning of the data set into k clus-
ters by EM-clustering. In our algorithm FOSSCLU, clustering
and dimensionality reduction are performed simultaneously in
two alternating steps: (1) each object is associated to the best of
the k clusters (while fixing a certain dimensionality reduction),
and (2) the data space is transformed into that m-dimensional
subspace which is optimal for the given clustering. Our method
therefore corresponds to the alternating least squares (ALS)
paradigm. Figure 2 summarizes our notations.

A. The FOSSCLU Optimization Goal

Our optimization goal is dedicated to the idea of separating the
data space R

d into an orthogonal pair of arbitrarily oriented
subspaces, the clustered subspace R

m and the noise subspace
R

d−m. The clustered subspace is selected such that it exactly
contains the partitioning of the data objects into k clusters
according to a EM-clustering model, while the noise subspace
contains no cluster structure. Our pair of subspaces is defined

Symbol Definition
n ∈ N Number of objects
d,m ∈ N Dimensionality of original (of clustered) space
k ∈ N Number of clusters

X ∈ R
d×n Matrix containing all data objects in columns

Ci ∈ R
d×ni Matrix of all objects in Cluster Ci(1 ≤ i ≤ k)

μi ∈ R
m Center of cluster Ci in clustered space

Λi ∈ R
m×m Covariance matrix of Ci in clustered space

μ,Λ Center/covar. matrix of all data in noise space

Σ,Σi ∈ R
d×d Covariance matrix of X (of Ci) in original space

V ∈ R
d×d Matrix defining the Optimal Rigid Transform

Pc, Pn Projection to the first m (last d−m) attributes
Gp,q(θ) Givens rotation in plane (p, q) by angle θ

Fig. 2. Table of Symbols and Definitions.
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by an orthonormal matrix V called Optimal Rigid Transform
(ORT) which rotates an object x ∈ X such that the first m
attributes of the resulting object V T · x form the clustered
subspace. After the rotation, the projection into the first m
dimensions is done by the following projection matrix:

Pc =

⎛
⎜⎜⎜⎜⎜⎜⎝

1 · · · 0
.
.
.

. . .
.
.
.

0 · · · 1
0 · · · 0
.
.
.

.

.

.
0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎠

1
.
.
.
0

⎫⎬
⎭m

0
.
.
.
0

⎫⎬
⎭ d−m

∈ R
d×m

Analogously, Pn ∈ R
d×(d−m) is the matrix for the projection

onto the last (d − m) attributes, having only zeroes in the
upper m rows and a identity matrix in the lower (d − m)
rows. An object x can be projected to the clustered subspace
by P T

c · V T · x.

Our optimization goal is to find the ORT V and a grouping
of the objects into clusters C1, ..., Ck such that

• the objects P T
c · V T · x in the clustered subspace follow a

multi-modal distribution with k peaks corresponding to the
clusters C1, · · · , Ck and

• the objects P T
n · V T · x in the noise subspace follow a uni-

modal distribution.

The optimization goal of FOSSCLU is given in the following:

Definition 1 (Optimization Goal of FOSSCLU):
Given k,m ∈ N, find an orthonormal matrix V ∈ R

d×d and
a grouping of the objects in X into k clusters C1, · · · , Ck

such that the following objective function f (called FOSSCLU
function) is minimized:

f =−
∑

1≤i≤k

∑
x∈Ci

log2

(
ni/n√

(2π)m|Λi|
e
− 1

2
(xTV Pc−μT

i )Λ
−1
i (P T

cV
Tx−μi)

)

−
∑
x∈X

log2

(
1√

(2π)d−m|Λ| e
− 1

2
(xTV Pn−μT)Λ−1(P T

nV
Tx−μ)

)

where for 1 ≤ i ≤ k, μi is the centroid of cluster Ci in the
clustered space and μ is the center of all data objects in the
noise space:

μi = 1
ni

∑
x∈Ci

P T
c V

Tx ∈ R
m μ = 1

n

∑
x∈X

P T
nV

Tx ∈ Rd−m

Λ1, · · · ,Λk are the (m×m) covariance matrices of the clusters
in the m attributes of the clustered subspace and Λ is the
overall covariance matrix in the attributes of the noise space:

Λi = 1
ni

∑
x∈Ci

(P T
c V

Tx− μi) · (xTV Pc − μT
i ) ∈ R

m×m

Λ = 1
n

∑
x∈X

(P T
nV

Tx− μ) · (xTV Pn − μT) ∈ R
(d−m)×(d−m)

In this definition, the first line of f corresponds to the maxi-
mization of the cluster structure. The second line corresponds
to the minimization of the cluster projection in the remaining
(d−m) noise dimensions. Note that only one rigid transforma-
tion V exists for all k clusters in the clustered subspace and for
the noise subspace. The first line corresponds to a number k of
Gaussian distributions in the clustered subspace, each defined
by the center μi and a m×m covariance matrix Λi and weight
ni

n . This means that our cluster notion exactly corresponds to
that of EM-clustering (with crisp cluster assignment) in the

Fig. 3. Transformation of the data matrix X (containing data objects
as column vectors, grouped by cluster membership) using the Optimal Rigid
Transformation V .

clustered subspace. The noise in the second line is modeled
by a single Gaussian distribution function with center μ and
covariance matrix Λ in the noise subspace. The FOSSCLU
function f is defined as the negative log-likelihood (NLLH) of
these Gaussian distributions. The NLLH measures the number
of bits which are needed to encode the data matrix X by a
lossless data compression using our specific cluster model.
We will come back to topic of data compression and fully
automatic parameter selection in Section II-D).

The result of FOSSCLU, the transformed data matrix
V TX , can also be visualized in Figure 3 where we can see, that
clusters are separated in dimensions 1 through m after applying
the transform V to the whole data matrix X . Note that none
of the previous methods of subspace, projected and correlation
clustering enables such a well-ordered structure because each
cluster has its individual subspace. So the red, green, blue,
etc. part is distributed over different dimension patterns. The
great advantage of our method is visualized in Fig. 1(d): the
resulting matrix can be visualized with scatterplots (1(d), upper
part), with color-coded matrix images (1(d), lower part), and
more sophisticated visualization techniques.

We can easily see that μi, μ,Λi,Λ can also be determined
from the corresponding center and covariance matrix of the
original space:

μi = P T
c V

T · 1
ni

∑
x∈Ci

x μ = P T
nV

T · 1
n

∑
x∈X

x

Λi = P T
c V

TΣiV Pc Λ = P T
nV

TΣV Pn

where Σi are the d×d covariance matrices (in original space)
of cluster Ci and Σ that of the whole data set.

B. ORT: The Optimal Rigid Transform

With usual Eigenvalue Decomposition (EVD), we can either
perform a rigid transformation (rotation) of the data space that
maximizes the variance of all data (like Principal Component
Analysis (PCA) or Singular Value Decomposition do), or one
that minimizes the cluster-specific variance (like ORCLUS,
4C, and other subspace clustering techniques do). As we
have already seen in the simple 4D example of Figure 1,
neither a global Eigenvalue decomposition nor a cluster-wise
Eigenvalue decomposition is sufficient to separate the 2D
cluster space from the 2D noise space. Therefore, we need a
new, special Eigenvalue decomposition, which we call Optimal
Rigid Transform (ORT). We show in Section II-E that our
proposed method ORT indeed is optimal for our cluster model
of crisp EM clustering in the clustered subspace, as defined in
our FOSSCLU function f (cf. Def. 1).
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Before we can see the elegance of our approach, we
have to work ourselves through a fairly lengthy and complex
mathematical derivation: the normal Eigenvalue decomposition
of a (symmetric, positive definite) matrix Σ (the covariance
matrix of our data matrix X) diagonalizes the matrix by a
rotation VEVD of the data space. If we multiply each object
V T

EVD
· x, the resulting covariance matrix becomes a diagonal

matrix ΛEVD, and we call its elements the Eigenvalues. The
orthonormal (=rotation) matrix VEVD contains the Eigenvectors.
The relationship between Eigenvalues and Eigenvectors is:

ΛEVD = V T
EVD

· Σ · VEVD

The specific advantage of the Eigenvalue decomposition is,
that the data matrix is de-correlated by it (when applying
V T

EVD
· X). The data distribution can then be modeled by a

product of univariate distributions rather than by a single
multivariate distribution with covariance matrix, at no loss of
precision. In addition, among all rigid transforms, Eigenvalue
decomposition rotates our data matrix such that the product of
all univariate variances is minimized.

In contrast to Eigenvalue decomposition, ORT does not
simply decompose a single matrix. ORT rather decomposes all
the covariance matrices (corresponding to the single clusters)
and the overall covariance matrix (corresponding to the noise
part) simultaneously using the same matrix V :

Λi = P T
c · V T · Σi · V · Pc for all i with 1 ≤ i ≤ k

Λ = P T
n · V T · Σ · V · Pn

Usually the resulting matrix V does not produce a diagonal
matrix for each of the matrices Σ1, . . . ,Σk and Σ. However,
we require that, like in usual Eigenvalue decomposition, the
product of all variances in Λ1, . . . ,Λk and Λ is minimized.
Since in the clustered subspace, each cluster is modeled again
by its multivariate Gaussian distribution (using a covariance
matrix), the overall variance of a cluster is defined by the
determinant of this covariance matrix. Thus, the overall opti-
mization goal for ORT is given in the following definition:

Definition 2 (Optimal Rigid Transform ORT):
Given a set of k cluster-specific covariance matrices
Σ1, . . . ,Σk and the overall covariance matrix Σ of X in
original data space. Find an orthonormal d×d matrix V which
minimizes the following objective g (called ORT function):

g := |P T
nV

TΣV Pn| ·
∏

1≤i≤k

|P T
c V

TΣiV Pc|ni/n

where | · · · | denotes the determinant.

In Section II-E we prove that ORT truly optimizes f
from Def. 1, and the determinants are essential for this proof.
Intuitively, the determinants represent the overall variances of
the clusters in the clustered space (|P T

c V
TΣiV Pc|, weighted

by ni

n ), and of the noise in the noise space (|P T
nV

TΣV Pn|).
Thus the minimization of the product of these determinants
rewards cluster quality in the clustered space and punishes
cluster structure in the noise space. A commonly used algo-
rithm for the normal Eigenvalue decomposition is the Jacobi
transform. The Jacobi transform is an iterative algorithm which
diagonalizes a matrix by applying orthonormal operations
called Givens rotations to it. Each Givens rotation optimizes
a 2D plane (p, q), where p and q iterate over all dimension

p

�1 �2�
q

�

Var ������ Var ����	�

Var �����

Fig. 4. Example of plane rotation for two clusters. The Givens rotation
Gp,q(θ) is applied to plane (p, q) by angle θ. Rotating the plane corresponds
to rotating the covariance matrices. It represents a trade-off for minimizing
the variance of each cluster in the clustered space and the total variance in
the noise space. Hence, the product |Λ1|n1/n · |Λ2|n2/n · |Λ| is minimized.

pairs (1 ≤ p < q ≤ d). The Givens rotations are repeated
until convergence. The product of all applied Givens rotations
corresponds to the Eigenvectors, and the diagonal matrix
contains the Eigenvalues.

We adopt the general scheme of this algorithm modifying
two aspects: Firstly, since we are only interested in separating
the clustered subspace from the noise subspace, we can safely
restrict ourselves to the cases where 1 ≤ p ≤ m and m <
q ≤ d. So from now on, we always assume that p is in the
clustered subspace and q is in the noise subspace. Secondly,
we derive an optimization goal for the rotation in (p, q) from
the overall goal in Def. 2.

The Givens rotation Gp,q(θ) in plane (p, q) with angle θ is
an orthonormal d×d matrix that deviates from identity matrix
by the following exceptions: element [p, p] = element [q, q] =
cos θ, element [p, q] = − sin θ, and element [q, p] = sin θ. The
Givens rotation modifies the ORT matrix V as well as the
covariance matrices in the following way:

V new = Gp,q(θ) · V old

Σnew

i = Gp,q(θ) · Σold

i ·Gp,q(θ)
T (analogously Σnew).

So the sequence of Givens rotations is multiplied with the
matrix V from the left (initialized by the identity matrix) and
from both sides to Σ and Σi (both initialized by the true
covariance matrices). So at convergence in step � we will have:

V final = G
(�)
m,d · ... ·G(�)

1,m+1 · ... ·G(1)
m,d · ... ·G(1)

1,m+1 · I

and analogously for Σ and Σi. The final covariance matrices in
clustered and noise space are determined by Λfinal

i = P T
c Σ

final

i Pc.

To be able to select the rotation angle θ in an optimal
way, we have to find out how a Givens rotation affects our
objective function g from Def. 2 (the product of determinants,
cf. Figure 4). We define the function gp,q(θ) which is our ORT
function g with a focus on the current optimization step for a
given plane (p, q) and the rotation angle θ to be optimized:

gp,q(θ)= |P T
nGp,q(θ)Σ

oldGT
p,q(θ)Pn|·

∏
1≤i≤k

|P T
cGp,q(θ)Σ

old

i G
T
p,q(θ)Pc|
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The product P T
c ·Gp,q(θ) has the following form:

P T
c Gp,q(θ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 · · · 0 0 · · · 0
. . .

1
.
.
. cos θ

.

.

.
.
.
. − sin θ

.

.

.
1

. . .

0 · · · 1 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

It deviates from P T
c by just two entries: element [p, p] is

cos θ (instead of 1) and element [p, q] is − sin θ (instead of
0). This means multiplying it from left and right modifies
our covariance matrix Σi by multiplying row and column p
with cos θ and subtracting row/column q from it (with weight
sin θ). Likewise, our overall covariance matrix Σ is modified
by multiplying row and column q with cos θ and adding sin θ
times the row and column p to it. We exploit the multi-linearity
of the determinant in rows and columns and in this way extract
sin θ and cos θ from the determinant:

gp,q(θ) =
(
sin2 θ · |P T

nSp,qΣ
oldSp,qPn| +

+ 2 sin θ cos θ · |P T
nΣ

oldSp,qPn|+
+ cos2 θ · |P T

nΣ
oldPn|
)
·

·
∏

1≤i≤k

(
sin2 θ · |P T

c Sp,qΣ
old

i Sp,qPc| −

− 2 sin θ cos θ · |P T
c Σ

old

i Sp,qPc|+
+ cos2 θ · |P T

c Σ
old

i Pc|
)ni/n

where Sp,q is the swapping matrix which exchanges the rows
p and q of an arbitrary matrix M when multiplied from the left
side to M , and the corresponding columns when multiplied on
the right side of M . Sp,q looks like the d× d identity matrix
with the exceptions that element [p, p] = element [q, q] = 0 and
element [p, q] = element [q, p] = 1. We define the following
substitutions: n0 := n, and for all clusters Ci with 1 ≤ i ≤ k:

a0 := |P T
nSp,qΣ

oldSp,qPn| ai := |P T
c Sp,qΣ

old

i Sp,qPc|
b0 := |P T

nΣ
oldSp,qPn| bi := −|P T

c Σ
old

i Sp,qPc|
c0 := |P T

nΣ
oldPn| ci := |P T

c Σ
old

i Pc|
This enables us to write gp,q(θ) in an elegant way in which
we treat the noise space like a cluster Ci=0:

gp,q(θ) =
∏

0≤i≤k

(ai sin
2 θ + 2bi sin θ cos θ + ci cos

2 θ)ni/n

Now we minimize gp,q(θ) by setting its derivative to zero.
Applying product and chain rule gives us:

dgp,q(θ)

dθ
=
∑

0≤i≤k

(
ni
n

(
ai sin

2 θ + 2bi sin θ cos θ + ci cos
2 θ
)ni

n
−1

·

· 2
(
− bi sin

2 θ + (ai − ci) sin θ cos θ + bi cos
2 θ
)
·

·
∏

0≤j≤k
j �=i

(
aj sin

2 θ + 2bj sin θ cos θ + cj cos
2 θ
)nj

n

)

The roots of the derivative can be found by factorizing out
the terms (ai sin

2 θ + 2bi sin θ cos θ + ci cos
2 θ), to the power

of (ni

n − 1). After this step one of these terms is completely
drawn out of the sum, and the rest remains inside but only to

the power of 1. Additionally, for each of the k+1 factors, we
factor out cos2 θ to change sin2 θ into tan2 θ, sin θ cos θ into
tan θ, and cos2 θ into 1:

=

( ∏
0≤i≤k

(
ai sin

2 θ+2bi sin θ cos θ+ci cos
2 θ
)ni

n
−1
)
· 2
n
cos2k+2 θ·

·
∑

0≤i≤k

( (
− bini tan

2 θ + (ai − ci)ni tan θ + bini
)
· (1)

·
∏

0≤j<i
(aj tan

2 θ + 2bj tan θ + cj) · (2)

·
∏

i<j≤k
(aj tan

2 θ + 2bj tan θ + cj)

)
(3)

By substituting ξ := tan θ we can easily see the equivalence
with a polynomial of degree 2k+2 which is the sum of k+1
polynomials (of the same degree). These k + 1 polynomials
differ only in one factor (1), resulting from the chain rule,
which replaces the i-th factor in (2) or (3). An efficient way to
determine the coefficients of the final polynomial is first to pre-
compute the coefficients of (2) for all 1 ≤ i < k by multiplying
the single factor-polynomials one by one, and memoizing the
intermediate results in k − 1 arrays. Then, the polynomials
of (3) are determined in the same way but in reverse order
k ≥ i > 1, multiplied with the corresponding memoized
intermediate result of (2) and the remaining term (1), and
added to the coefficients of the resultant polynomial. This
requires a linear number of 4k polynomial multiplications.
Finally, we determine the 2k + 2 roots ξ1, . . . , ξ2k+2 of the
resultant polynomial (e.g. by an Eigenvalue decomposition of
the companion matrix). We back-substitute θi = arctan ξi of
each noncomplex root of the polynomial to find the global
minimum θmin = arg min1≤i≤2k+2 gp,q(θi).

Once we have found θmin, we can apply the Givens
rotation by setting V new := Gp,q(θ) · V old and applying it
likewise to Σ and Σi. The determination of θmin, and its
application in a Givens rotation is repeated for all planes
(p, q) ∈ ({1, ...,m}×{m+1, ..., d}), and this is repeated until
convergence. Finally, we have the ORT V , and the covariance
matrices in clustered and noise space can be determined by
applying the corresponding projection matrices to the final
versions of Σ and Σ1, ...,Σk.

C. The Algorithm FOSSCLU

In our alternating least squares scheme, we are performing
the two steps cluster assignment and subspace determination.
Both steps are optimizing the objective function f given in
Definition 1, as we show in Section II-E. For the cluster
assignment step, we assume that the orthonormal matrix V T

is fixed. We perform a crisp EM-clustering in the clustered
subspace, i.e. each point is assigned to that cluster which
maximizes the point’s likelihood, according to the weighted
Gaussian probability density function (defined by the weight
ni

n , center μi, and covariance matrix Σi of the cluster):

i = argmax
1≤i≤k

ni/n√
(2π)m|Λi|

e−
1
2 (x

TV Pc−μT
i)Λ

−1
i (P T

cV
Tx−μi)

Figure 5 summarizes FOSSCLU in pseudo-code (compilable
code is available at www.dbs.ifi.lmu.de/research/fossclu for
research purposes). We initialize the FOSSCLU cluster centers
by randomly sampling points from the data set. The iterative
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algorithmic scheme then starts with determining the Optimal
Rigid Transform. Subsequently, the points are re-assigned as
described above. Both steps are iterated until convergence. The
cluster weight ni

n is not considered in the first five iterations
of the algorithm to prevent the initial clusters from running
empty.

D. Minimum Description Length (MDL)

The idea of MDL is to use the result of an arbitrary data mining
algorithm as a statistical model which can be exploited for the
efficient compression of the data set. The better the model
fits to the data, the higher the compression factor. Therefore,
MDL can be used as a selection criterion among different
models or it can be directly applied in the optimization step
of the data mining algorithm, like we do in FOSSCLU. To
avoid overfitting and overly complex models, MDL techniques
add the amount of information which is needed to code the
parameters of the model (called code-book) to the code-length
of the compressed data. We define in the following how
parameters of our method, the results, and the actual data can
be efficiently coded.

Definition 3 (MDL coding of FOSSCLU):
Let X ∈ R

d×n be the data matrix, k ∈ N the number of
clusters (1 ≤ k ≤ n), m ∈ N the dimensionality of the clus-
tered subspace (1 ≤ m ≤ d), V an orthonormal d× d matrix
(Optimal Rigid Transform), μ1, ..., μk ∈ R

m, μ ∈ R
d−m the

centroids in the clustered and noise subspace, respectively, and

algorithm FOSSCLU (matrix X , int k, int m):

// Initialization.
μ̂ := 1

n

∑
x∈X

x; Σ := 1
n

∑
x∈X

(x− μ̂) · (x− μ̂)
T
;

∀i(1 ≤ i ≤ k) : μi := random point from X;

∀x ∈ X : x.cID := argmin
1≤i≤k

(x− μ̂i)
2
;

repeat
// Update cluster models.

∀i(1 ≤ i ≤ k) : μ̂i := 1
n

∑
x∈Ci

x;

Σi := 1
n

∑
x∈Ci

(x− μ̂i) · (x− μ̂i)
T
;

Ci := ∅;
V T := ORT(Σ, {Σ1, ...Σk},m);
∀i(1 ≤ i ≤ k) : μi = V Tμ̂i; Λi = V TΣiV ;
// Re-cluster the objects.

∀x ∈ X: j := argmax
1≤i≤k

ni/n√|Λi|
e
− 1

2
(xTV Pc−μT

i )Λ
−1
i

(PT
c V Tx−μi);

Cj :=Cj ∪ {x};
until convergence;
return {C1, ..., Ck}, V T;

end FOSSCLU.

algorithm ORT (matrix Σ, matrix {Σ1, ...Σk}, int m):

// This version extends Jacobi-diagonalization [9].
V T := (d× d) Identity-matrix;
repeat

for i := 1 to m
for j := m + 1 to d
θ := optimal rotation angle (c.f. solution of Section II-B);
G := (d× d) Identity-matrix;
gi,i := gj,j := cos θ; gi,j := sin θ; gj,i := − sin θ;

Σ := G · Σ ·GT;

Σ1...k := G · Σ1...k ·GT;
V := G · V ;

⎫⎬
⎭ // possible in O(d) time!

until convergence;
return V ;

end ORT.

Fig. 5. Algorithms FOSSCLU and ORT.

Λ1, ...,Λd and Λ the corresponding covariance matrices. The
MDL coding of the data set consists of the binary codes:

(1) k and m using log2 n and log2 d bits, respectively,

and V using
d·(d−1)

4 · log2 n bits,

(2) μ1, ..., μk,Λ1, ...Λk, μ, and Λ using((
3
4 + 1

4 ·m)mk + 3
4 (d−m) + 1

4 (d−m)2
)
log2 n bits,

(3) the data objects using f bits, where f is the FOSSCLU
function (i.e. the negative log-likelihood of all data under
our cluster model).

The data objects are coded with a number of bits equal to
the negative log-likelihood of the probability density function
which is associated to the cluster representative. The negative
log-likelihood of all data objects is exactly the FOSSCLU
function f . Note that the cluster assignment information (re-
quiring − log2

ni

n bits per object) is already contained in f .
We call element (1) the constant code book (since the number
of bits is constant during the whole optimization process),
element (2) the variable code book, and element (3) the log-
likelihood cost.

Our MDL representation intentionally does not specify any
numerical precision to which the data matrix is coded (after
clustering and application of the optimal subspace transforma-
tion). It can be shown that the choice of the grid resolution has
no influence on the assessment of the goodness of the model
[10]. The parameters of the code book like e.g. our Optimal
Rigid Transformation V are taken into account with 1

2 log2 n
bits each. The length of the MDL coding given in Definition 3
can in particular be used to find optimal parameter settings for
k and m. FOSSCLU can automatically select that parameter
setting which is optimal for data compression to avoid over-
and under-fitting. However, the user is also free to set m and
k according to their requirements (e.g. to set m = 2 or m = 3
for visualization in scatterplots).

E. Correctness and Convergence

We prove the convergence of FOSSCLU by showing that both
the cluster assignment as well as the Optimal Rigid Transform
optimize the same objective function given in Def. 1.

Lemma 1: The assignment step provided in Section II-C
optimizes the objective function f from Definition 1.

Proof: In the cluster assignment step, V, μ, μi,Λ, and
Λi(1 ≤ i ≤ k) are fixed. The second line of f (noise space) is
constant for all clusters Ci and is not changed by the cluster
assignment. Leaving out all those values in the FOSSCLU
function f which are constant in the assignment step yields:

f = −
∑

1≤i≤k

∑
x∈Ci

log2

(
ni/n√

(2π)m|Λi|
e
− 1

2
(xTV Pc−μT

i )Λ
−1
i (P T

cV
Tx−μi)

)

+O(const.). This is exactly the logarithm of the cluster assign-
ment function provided in Section II-B, the cluster assignment
function of crisp EM clustering in the clustered subspace.
Thus, the minimization of the cluster assignment function
results in the minimization of the FOSSCLU function.

Lemma 2: The Optimal Rigid Transform V optimizes the
objective function f from Definition 1.
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Proof: First, we show that the term h which is part of the
second line of f corresponding to the noise space is constant:

h := −
∑
x∈X

log2 e−
1
2 (x

TV Pn−μT)Λ−1(P T
nV

Tx−μ)

Let Λ = WDW T be the Eigenvalue decomposition of Λ. Then
the entries of D contain the variances of W TP T

nV
Tx, and the

center of all data x ∈ X in this space is W T ·μ. Then we can
re-write h using the j-th unit vector ej as follows:

h =
log2(e)

2

∑
x∈X

∑
1≤j≤d−m

(ejW
TP T

nV
Tx−ejW Tμ)2/Dj,j

h =
∑

1≤j≤d−m

log2(e) · n
2 ·Dj,j

· 1
n

∑
x∈X

(ejW
TP T

nV
Tx− ejW

Tμ)2

︸ ︷︷ ︸
= Dj,j

where the sum corresponds to the formula of the variance Dj,j

of attribute j. We obtain:

h =
∑

1≤j≤d−m

n log2(e)

2
= 1

2n(d−m) log2(e) ∈ O(const.)

We obtain an analogous result for each cluster:

hi = −
∑
x∈Ci

log2 e−
1
2 (x

TV Pn−μT
i)Λ

−1
i (P T

nV
Tx−μi) ∈ O(const.)

Now we can separate in the FOSSCLU function all the terms
which are constant in the ORT step:

f =
∑

1≤i≤k

(
hi−

∑
x∈Ci

log2

( ni/n√
(2π)m|Λi|

))
+ h−

∑
x∈X

log2

( 1√
(2π)m|Λ|

)

= −
( ∑
1≤i≤k

∑
x∈Ci

log2
1√|Λi|

)
−
(∑
x∈X

log2
1√|Λ|
)
+O(const.)

= 1
2
log2

(
|Λ| ·

∏
1≤i≤k

|Λi|
)
+O(const.)

= 1
2
log2

(
|P T
nV

TΣV Pn| ·
∏

1≤i≤k
|P T
c V

TΣiV Pc|
)
+O(const.)

which is the logarithm of the ORT objective function g.
Minimization of g in the ORT step leads to minimization of
the FOSSCLU function f .

Together, Lemma 1 and 2 demonstrate that the two steps,
cluster assignment and ORT really fit together, and that ORT
is really that transformation of the data space that fits to EM
clustering in a common (arbitrarily oriented) subspace. These
lemmata are also essential to prove that our alternating least
squares algorithm defined in Section II-C converges:

Lemma 3: The algorithm FOSSCLU converges

Proof: The function f is monotonically decreasing in each
step of the algorithm: the assignment step minimizes f with
a fixed ORT and varying cluster assignments. The update step
minimizes f with a fixed cluster assignment and varying ORT.
Since f is lower bounded the convergence is guaranteed.

We note without giving a formal proof that MDL defined in
Section II-D is also monotonic with f .

F. Complexity of FOSSCLU

The complexity of ORT is identical to that of most other well-
known Eigenvalue decompositions like Jacobi, Housholder,
Givens, QR etc. Let �ORT be the number of iterations needed
until convergence. The complexity is determined by the inner-
most loop which performs the Givens rotation. This is done by
one multiplication and one addition for O(d) matrix entries.
The Givens rotation is performed �ORT · d2 times, resulting
in an overall complexity of �ORT · d3. We observed a Jacobi-
like iteration count. The root-finding method as described in
Section II-B is performed in the worst case �ORT · d2 times and
does not affect the asymptotic complexity.

The complexity of FOSSCLU with fixed k and m equals
that of EM clustering since in the update step the Eigenvalue
decomposition of EM is replaced by ORT with the same
complexity. The assignment step also involves the multiplica-
tion of each object with an Eigenvector matrix. The distance
computation of FOSSCLU needs only m operations (compared
to d of EM) but this also has no effect the overall complexity.
The number of iterations is also comparable to that of EM
clustering. Like K-means and EM-clustering, FOSSCLU may
converge to a local minimum. This is handled by multiple
random initializations.

III. FUZZY FOSSCLU

Often, the EM clustering algorithm is applied with a fuzzy
association of objects to clusters, where each point x belongs to
every cluster Ci to the degree wi(x), with

∑
1≤i≤k wi(x) = 1.

The degree is proportional to the likelihood of the point in the
cluster, and can be determined by Bayes’ theorem. This can
also be done in our clustered subspace:

wi(x) =

ñi/n√
(2π)m|Λ̃i|

e−
1
2
(xTV Pc−μ̃T

i )Λ̃
−1
i (P T

cV
Tx−μ̃i)

∑
1≤j≤k

ñj/n√
(2π)m|Λ̃j |

e
− 1

2
(xTV Pc−μ̃T

j)Λ̃
−1
j (P T

cV
Tx−μ̃j)

The weight of the cluster is then the sum of the weights
of the assignments, ñi =

∑
x∈X wi(x). The center μ̃i, and

covariance matrix Λ̃i can be determined likewise, and this is
also possible in our clustered subspace:

μ̃i = 1
ñi

∑
x∈X

wi(x) · P T
c V

Tx

Λ̃i = 1
ñi

∑
x∈X

wi(x)(P
T
c V

Tx− μ̃i)(x
TV Pc − μ̃T

i )

We can determine the ORT from the fuzzily determined covari-
ance matrices as well, and the complete FOSSCLU algorithm
is adapted in a straightforward way.

IV. EXPERIMENTS

For evaluating visualization, we compare FOSSCLU to PCA. It
is the most widely used technique for dimensionality reduction
and conceptually most related to FOSSCLU. We additionally
compare to Independent Component Analysis (ICA; using
symmetric approach and nonlinearity tanh) since this tech-
nique has recently proven to be useful for cluster identification,
see e.g. [10]. We also compare to the sequential workflow of
first performing PCA or ICA and then clustering in the low-
dimensional space using EM, call EM after PCA and EM after
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(a) FOSSCLU (b) EM after PCA (c) PCA after EM

Fig. 6. Visualization of a 12D data set with 5 clusters in 2 clustered and 10 noise dimensions. Only FOSSCLU (a) can identify clusters and subspace.

(b) EM after PCA (c) EM after ICA(a) FOSSCLU

Fig. 7. Visualization of Pendigits [13]. Cluster labels are coded by color, class labels by digits (0, ..., 9). FOSSCLU (a) yields the highest purity.

ICA, respectively. We further compare to LDA-kMeans [11].
This algorithm integrates with Linear Discriminant Analysis
a supervised feature transformation technique into clustering,
cf. Section V. In evaluating cluster quality, we compare to
two state-of-the-art approaches to generalized subspace clus-
tering: ORCLUS [2] performing iterative partitioning based
on kMeans and the local density-based approach 4C [3]. As
evaluation measure we report the Normalized Mutual Infor-
mation (NMI) [12] between the class labels and the cluster-ids
generated by the algorithm. The NMI ranges from zero to one,
where one indicates a perfect clustering.

(a) Fuzzy FOSSCLU (b) Fuzzy EM after PCA

Fig. 8. Fuzzy association of 3 clusters in 7D with 5D noise. The cluster
association is color-coded in RGB (e.g. pure blue means 100% association to
the blue cluster). Only FOSSCLU (a) correctly identifies clusters and subspace.

A. Interpretable Visualization

We created a data set with five Gaussian clusters of varying
covariance in 2D space consisting of 70 to 200 points and
with ten uni-modal Gaussian noise dimensions. The whole
data set is transformed by an arbitrary 12D rotation matrix.
Only FOSSCLU reconstructs the 2D cluster structure perfectly
(Figure 6). EM after PCA fails to detect the clusters: due to
PCA the information relevant for clustering is lost. Performing
EM in high-dimensional space yields poor results due to the
curse of dimensionality. The results of ICA and EM after ICA
are very similar and not depicted here due to space limitations.

The visualization results for the Pendigits data set from
the UCI machine learning repository [13] are displayed in
Figure 7(a). Only FOSSCLU yields a meaningful visualization
with multiple pronounced clusters: The leftmost dark gray
cluster is well separated from all the others containing to
99.7% the digit 5. The rightmost dark green cluster is also very
pure, being 92.2% composed of the digit 9. The uppermost
yellow cluster contains 82% of the 0 digits. Hardly any cluster
structure can be seen in the EM after PCA result. Considering
the cluster content, only the digit 9 is fairly identified since it
constitutes 88.2% of the leftuppermost light green cluster. For
EM after ICA only one digit (in this case the digit 9) is well
identified. It constitutes 92% of the dark red cluster.

As introduced in Section III FOSSCLU allows fuzzy asso-
ciation as visualized in Figure 8. In comparison, EM after PCA
cannot identify the subspace containing the three clusters.
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Wine Metabolic Pendigits
FOSSCLU 0.87± 0.04 0.88± 0.01 0.77± 0.03
LDA-kMeans 0.45± 0.00 0.40± 0.00 0.71± 0.03
EM after PCA 0.45± 0.04 0.84± 0.00 0.69± 0.03
EM after ICA 0.07± 0.05 0.04± 0.03 0.63± 0.04
ORCLUS 0.07± 0.02 0.03± 0.02 0.67± 0.10
4C 0.35± 0.00 0.78± 0.07 0.48± 0.00

Fig. 9. Result quality (NMI) of real data sets. FOSSCLU outperforms all
other methods significantly (α < 0.007 for Pendigits/ORCLUS; α < 0.0002
for Metabolic/EM after PCA; all others even better)
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Fig. 10. Varying the number of noise dimensions and the variance of the
clusters. We used the same data set as in Fig. 6 but with a number of noise
dimension varied from 2 to 20 (left) and a cluster variance multiplied with a
factor varying from 0.6 to 2.0 (right)

B. Accurate Clustering

Based on the synthetic data set displayed in Figure 1, we
systematically vary two properties: the number of mono-modal
dimensions (from 2 to 20) without any cluster information, and
the variance of the clusters (multiplying the standard deviations
of the clusters from Fig. 6 with factors varying from 0.6 to
2.0. ORCLUS also needs the average subspace dimensionality
to be set (in our case 2). The algorithm 4C requires the
parameters ε and MinPts for its density based clustering
and λ for subspace correlation. We run 4C for ε = 4 . . . 20,
λ = 3 . . . d and MinPt = 1 . . . 15, and choose the overall
best NMI. Figure 10 displays the mean NMI of ten iterations of
the clustering results. Here FOSSCLU demonstrates its robust-
ness against noise and its high effectiveness. All comparison
methods already deteriorate after adding few noise dimensions.
FOSSCLU is also reliable when increasing variance.

In addition to the synthetic data we performed experiments
to evaluate the cluster quality on three real data sets, Wine
(n = 178, d = 13) and Pendigits (n = 10992, d = 16) from
the UCI Machine Learning Repository [13], and Metabolic
(n = 600, d = 11) from a PKU newborn screening [14].
Figure 9 shows the mean NMI of ten runs (and the corre-
sponding standard deviation). FOSSCLU clearly outperforms
all comparison methods on the Wine data set by a large margin
with an NMI of 0.87 (compared to 0.45 for LDA-K-means and
EM after PCA, all others even worse. ORCLUS achieved its
best results parameterized with k = 3 and l = 2 and 4C
using ε = 5.6, MinPts = 2 and λ = 13.). All methods are
outperformed with statistical significance.

The metabolic data originates from a screening program for
metabolic disorders in newborns. Each instance is represented
by 11 attributes representing metabolite concentrations. Out of
600 subjects 296 are from the group of healthy control, while
the other 306 suffer from the disorder Phenylketonuria (PKU).
FOSSCLU outputs two clusters of high purity (NMI = 0.88).

The best parametrization for ORCLUS is k = 2, l = 1 and for
4C ε = 60, MinPts = 10 and λ = 11. Our best competitor in
this experiment, EM after PCA, achieved an NMI=0.84 but was
also outperformed with statistical significance (α < 0.0002).

In the UCI Pendigits data set, FOSSCLU achieves a NMI
of 0.77, followed by LDA-kMeans with a NMI of only 0.71
(FOSSCLU was significantly better: α < 0.007).

C. Fully Automatic Parametrization

We introduced an MDL criterion in Section II-D to find the
optimal parameters k and m for FOSSCLU. We first consider
a synthetic data set consisting of 5 clusters, 2 clustered
dimensions and 10 noise dimensions before random rotation
has been evaluated for accurate clustering. Figure 11 presents
the cost for MDL encoding. As k increases from 1 to 10
clusters (with fixed m) and m runs through all 12 dimensions
(with fixed k), MDL encoding reaches its clear minimum
at k = 5 and m = 2, the correct value of the data set.
MDL performs optimal parametrization, resulting in an NMI
of 1. The Wine data as introduced above also is processed by
MDL analogously for k and m (Figure 11). This choice of
parameters allows the competitive NMI gained by FOSSCLU
as presented in comparison to other methods.

V. RELATED WORK AND DISCUSSION

With dimensionality reduction and clustering, FOSSCLU ad-
dresses 2 fundamental objectives in explorative data analysis.

Dimensionality Reduction Techniques. Dimensionality re-
duction techniques aim at representing data by a small number
of features without much loss of information. Probably the
most widely used technique is practice is Principal Compo-
nent Analysis (PCA) [1]. PCA projects the data to a low-
dimensional subspace preserving as much of the original
variance of the data as possible. Other feature transformation
methods with different optimization goals have been intro-
duced, for example Independent Component Analysis (ICA)
[6], aiming at identifying statistically independent basis vectors
in data; Non-negative Matrix Factorization (NMF) [7] aim-
ing to decompose data into non-negative, i.e. additive parts;
Isomap [8] aiming at preserving the geodetic distances. The
recent approach LDA-K-means [11] of Ding et al. touches
this challenge. By integrating the supervised dimensionality
reduction technique of Linear Discriminant Analysis (LDA)
into K-means, this technique is a cluster-reinforcing feature
transformation technique. However, since LDA is no orthonor-
mal transformation, the resulting space is not a subspace of the
original data. Moreover, for K clusters, the dimensionality of
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Fig. 11. Selecting number of clusters and subspace dimensionality by MDL.
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the corresponding space is fixed to K − 1 dimensions. The
Optimal Rigid Transform in FOSSCLU is a cluster-enhancing
transformation which guarantees orthonormal rotation and
projection: what we see is truly in the original data set.

Subspace, Projected, Correlation Clustering. A variety of
specialized techniques exist for detecting high-quality clusters
in subspaces. For a survey c.f. [15]. There are (1) projected and
subspace clustering algorithms searching for clusters in axis-
parallel subspaces, e.g. PROCLUS [16], CLIQUE [17] and
DUSC [18]. A benefit of these approaches is their inherent
interpretability since the subspaces are represented by subsets
of the original attributes. (2) Approaches to generalized sub-
space clustering (correlation clustering): these methods search
for clusters in arbitrarily oriented subspaces of the data space,
e.g. ORCLUS [2], 4C [3], CURLER [4], CASH [19]. Since
clusters are not limited to reside in axis-parallel subspaces,
these methods provide the potential to find more and different
clusters. However, for each cluster these approaches identify an
individual subspace in which it is best represented. FOSSCLU
determines one joint subspace optimally exhibiting all clusters.

Visualization of Subspace Clustering Results. There are
two types of techniques: (1) Hierarchical methods inherently
providing the benefit of determining and visualizing relation-
ships among subspace clusters, e.g. HiCO [20] and ERiC
[21]. HiCO detects a hierarchy of arbitrarily-oriented clusters
of different dimensionality, e.g. two 1D line-like clusters are
merged to a 2D cluster if they reside in a common plane.
The approach ERiC extends HiCO by allowing more com-
plex hierarchical relationships. Both methods require that the
subspaces of clusters are hierarchically nested. (2) Recently
two specialized visualization techniques have been proposed
for interpreting the result of axis-parallel subspace clustering
[22]. Both techniques allow comparing the clusters w.r.t. space
overlap, object overlap and quality. These techniques intend
to assist the user in adjusting the parameter settings of their
subspace clustering algorithm DUSC [18]. By finding one opti-
mal arbitrarily-oriented subspace during clustering, FOSSCLU
naturally facilitates the interpretation of the result. FOSSCLU
is not restricted to hierarchical subspace inclusion nor to axis-
parallel subspace clusters and the parametrization is optional.

VI. CONCLUSIONS

We introduce FOSSCLU, a novel approach to explorative
data analysis. With dimensionality reduction and clustering
FOSSCLU addresses the two most important tasks in ex-
plorative data mining as two goals of equal importance.
At the core of FOSSCLU is the Optimal Rigid Transform
(ORT), a new feature transformation technique particularly
designed to determine the optimal subspace revealing the
overall cluster structure of the data. We integrate ORT into
an efficient alternating least squares algorithm to find the
clusters and the subspace simultaneously. Ideas from Mini-
mum Description Length make parametrization in FOSSCLU
optional. Our experiments demonstrate that in the resultant
subspace the cluster structure is much more visible than
when using standard dimensionality reduction techniques. In
addition, FOSSCLU outperforms state-of-the-art approaches to
generalized subspace clustering in terms of cluster quality. We

can conclude that FOSSCLU combines the best of both worlds,

dimensionality reduction and clustering and is an interesting
complement to existing explorative data analysis approaches.
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